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MODULAR UNITS AND CUSPIDAL DIVISOR CLASSES ON X0(n
2M) WITH
n|24 AND M SQUAREFREE
LIQUAN WANG AND YIFAN YANG
ABSTRACT. For a positive integer N , let C (N) be the subgroup of J0(N) generated
by the equivalence classes of cuspidal divisors of degree 0 and C (N)(Q) := C (N) ∩
J0(N)(Q) be its Q-rational subgroup. Let also CQ(N) be the subgroup of C (N)(Q)
generated by Q-rational cuspidal divisors. We prove that when N = n2M for some inte-
ger n dividing 24 and some squarefree integer M , the two groups C (N)(Q) and CQ(N)
are equal. To achieve this, we show that all modular units on X0(N) on such N are
products of functions of the form η(mτ + k/h), mh2|N and k ∈ Z and determine the
necessary and sufficient conditions for products of such functions to be modular units on
X0(N).
1. INTRODUCTION
Let N be a positive integer. In this note, we are primarily concerned with modular
units on the modular curve X0(N), i.e., modular functions on X0(N) whose divisors are
supported on cusps, and the cuspidal subgroup of the Jacobian variety J0(N) ofX0(N).
To describe relavent results in literature, we recall that a divisor D ∈ Div(X0(N)) is
said to be cuspidal if its support lies on cusps of X0(N). We let C (N) be the subgroup
of J0(N) generated by the equivalence classes of cuspidal divisors of degree 0 onX0(N),
and refer to it as the cuspidal subgroup of J0(N). By a well-known result of Manin and
Drinfeld [10], C (N) is contained in the torsion subgroup J0(N)tor of J0(N). Let also
C (N)(Q) := C (N) ∩ J0(N)(Q)
and CQ(N) be the subgroup of C (N) generated by Q-rational cuspidal divisors of degree
0 on X0(N). (Here we say a cuspidal divisor D is Q-rational if σ(D) = D for all σ ∈
Gal(Q/Q).) Since the study of C (N) is equivalent to the study of modular units, we
introduce the following two groups:
U (N) := {modular units onX0(N)}/C×
and
UQ(N) := {f ∈ U (N) : div f is Q-rational}/C×.
Now we have the inclusions of three groups
(1) CQ(N) ⊆ C (N)(Q) ⊆ J0(N)(Q)tor.
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When the levelN is 2rM for some odd squarefree integerM and some nonnegative integer
r ≤ 3, every cusp of X0(N) is Q-rational and hence CQ(N) = C (N)(Q). However,
as pointed out by Ken Ribet and other mathematicians, it is not clear a priori whether
CQ(N) and C (N)(Q) are equal in general. It could happen that even though D itself is
not a Q-rational cuspidal divisor, one still has σ(D) ∼ D for all σ ∈ Gal(Q/Q) so that
D ∈ C (N)(Q). For example, for N = 25, the cusps a/5, a = 1, . . . 4, are defined over
Q(e2πi/5) and they are Galois conjugates of each other, but since X0(25) has genus 0
and J0(25) is trivial, any cuspidal divisor class (a/5) − (b/5) is a Q-rational point of the
(trivial) Jacobian. In fact, it took quite an effort in [23, Pages 1268–1273] to prove that in
the case ofX1(2p), p a prime, two analogously defined groups are indeed equal.
For the second inclusion in (1), Ogg [14] conjectured and later Mazur [11] proved that
in the caseN = p is a prime, one has J0(p)(Q)tor = CQ(p) and the group is cyclic of order
(p− 1)/(p− 1, 12) generated by the class of (0)− (∞). Since then, many mathematicians
have tried to extend Mazur’s theorem to general cases. Here we list some known results in
literature about CQ(N) and J0(N)(Q)tor.
(a) Lorenzini [9] showed that when N = pn is a prime power with p ≥ 5 and p 6≡
11 mod 12, one has
CQ(p
n)⊗ Z[1/2p] ≃ J0(pn)(Q)tor ⊗ Z[1/2p].
(b) Assume that N = pn is a prime power with p ≥ 5. Ling [8] computed the
cardinality and the structure of CQ(N) and proved that
CQ(p
n)⊗ Z[1/6p] ≃ J0(pn)(Q)tor ⊗ Z[1/6p].
One key property used in the proof is the fact that all modular units in UQ(N) are
products of the Dedekind eta functions. (This follows from either [13, Theorem
1] or [7, Proposition 3.2.1].) Later on, Yamazaki and Yang [25] obtained a basis
for UQ(p
n), p ≥ 5, using Ling’s cuspidal class number formula.
(c) Assume thatN is squarefree. Takagi [21] also used the fact that all modular units
on X0(N) are products of the Dedekind eta functions to compute the cuspidal
class number and described the structure of C (N)(= CQ(N)). Note that the
special case where N is a product of two primes was treated earlier in [1].
(d) Again, assume that N is squarefree. Ohta [15] showed that
C (N)⊗ Z[1/6] ≃ J0(N)(Q)tor ⊗ Z[1/6],
and in addition, if 3 ∤ N , then
(2) C (N)⊗ Z[1/2] ≃ J0(N)(Q)tor ⊗ Z[1/2].
In [27], Yoo showed that if p is a prime greater than 3 such that either p 6≡ 1 mod 9
or 3(p−1)/3 6≡ 1 mod p, then (2) also holds for N = 3p.
(e) Ren [16] proved that for any positive integerN ,
J0(N)(Q)tor ⊗ Z[1/N ′] ≃ 0,
where N ′ = 6N
∏
p|N (p
2 − 1). That is, for a prime p′, the p′-primary part of
J0(N)(Q)tor is trivial unless p
′ dividesN ′.
(f) In a very recent preprint [28], Yoo completely determined the structure of CQ(N)
for allN .
Note that the cuspidal divisor subgroups of J1(N), the Jacobian ofX1(N), have also been
studied by many authors. See, for instance, [3, 18, 19, 20, 22, 23, 26, 29].
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In this note, we will consider the case where N is of the form N = n2M for some
integer n dividing 24 and squarefreeM (2|M and 3|M permitted). The primary reason for
considering such levels is that modular units in these cases can still be expressed in terms
of the Dedekind eta functions. The key observation is that if h|24, then η(mτ + k/h) is
modular on Γ0(h
2m) in the sense that
η(mγτ + k/h) = ǫ
√
cτ + d
i
η(mτ + k/h)
for all γ =
(
a b
c d
) ∈ Γ0(h2m) for some root of unity ǫ depending on γ (see Lemma
5 below). Our approaches and results rely crucially on this observation and cannot be
extended to the cases n ∤ 24.
Throughout the remainder of the paper, we assume that N = n2M with n|24 and M
squarefree. For a positive divisor m of N , let h = h(m) be the largest integer such that
mh2|N , and for an integer k, we define
ηm,k(τ) := η(mτ + k/h) = e
2πi(mτ+k/h)/24
∞∏
ℓ=1
(
1− e2πiℓk/hqmℓ
)
, q = e2πiτ .
Our first main result gives the necessary and sufficient conditions for a product of ηm,k to
be a modular function onX0(N). The conditions are reminiscent of a well-known criterion
(see [7, Proposition 3.2.8]) for
∏
d|N η(dτ)
ed to be a modular function on X0(N). Note
that since ηm,k and ηm,k+h differ only by a root of unity, we may assume that k is in the
range 0 ≤ k ≤ h(m)− 1.
Theorem 1. LetN = n2M with n|24 andM squarefree and let ηm,k and h(m) be defined
as above. Then a product of the form
(3)
∏
m|N
h(m)−1∏
k=0
η
em,k
m,k , em,k ∈ Z,
is a modular function on X0(N) if and only if the integers em,k satisfy the following con-
ditions:
(a)
∑
m,k
em,k = 0,
(b)
∑
m,k
em,km ≡ 0 mod 24,
(c)
∑
m,k
em,k
N(h(m), k)2
mh(m)2
≡ 0 mod 24,
(d) (i) In the case n = 3 is odd,∑
m,k
em,kk ≡ 0 mod 3
and
(4)
∏
m,k
mem,k
is the square of a rational number.
(ii) In the case n is even,
(5)
∑
m,k
em,k
(
kn
h(m)
+
n
2
ord2(m)
)
≡ 0 mod n
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and the odd part of (4) is the square of a rational number, where ord2(m)
denotes the 2-adic valuation ofm.
Here the summation
∑
m,k and the product
∏
m,k are understood to be over pairs (m, k)
of integers withm|N and 0 ≤ k ≤ h(m)− 1.
Remark 1. Note that the first three conditions represent the requirements that the weight
is 0, and the orders of the function at the cusps ∞ and 0 are integers, respectively. See
Corollary 6 below.
Noticing that the number of such functions ηm,k exceeds the rank of U (N), in the next
theorem, we shall find a subset of such functions so that every modular unit is uniquely
expressed as a product of functions from this subset.
Theorem 2. Let N = n2M with n|24 and M squarefree. Then every modular unit on
X0(N) can be uniquely expressed as
c
∏
m|N
φ(h(m))−1∏
k=0
η
em,k
m,k
for some nonzero complex numbers c and integers em,k satisfying the conditions in Theo-
rem 1, where φ is Euler’s totient function.
Remark 2. The interested reader may use the following relations
η(τ + 1/2) = e2πi/48q1/24
∏
n even
(1− qn)
∏
n odd
(1 + qn)
= e2πi/48q1/24
∞∏
n=1
(1− q2n)
∞∏
n=1
1 + qn
1 + q2n
= e2πi/48q1/24
∞∏
n=1
(1− q2n)
∞∏
n=1
(1 − q2n)2
(1− qn)(1 − q4n)
= e2π/48
η(2τ)3
η(τ)η(4τ)
η(τ + 1/3)η(τ + 2/3) = e2πi/24q1/12
∏
3|n
(1− qn)2
∏
3∤n
(1− e2πi/3qn)(1− q4πi/3qn)
= e2πi/24q1/12
∞∏
n=1
(1− q3n)2
∏
3∤n
1− q3n
1− qn
= e2πi/24q1/12
∞∏
n=1
(1− q3n)
∞∏
n=1
(1 − q3n)2
(1− q9n)(1 − qn)
= e2πi/24
η(3τ)4
η(τ)η(9τ)
(6)
to check that the remaining ηm,k can all be expressed as a product of those in (3). For
instance, we have
η(τ + 3/4) = η(τ + 1/4 + 1/2) = ǫ
η(2τ + 1/2)3
η(τ + 1/4)η(4τ)
=
ǫ
η(τ + 1/4)η(4τ)
(
η(4τ)3
η(2τ)η(8τ)
)3
=
ǫη(4τ)8
η(τ + 1/4)η(2τ)3η(8τ)3
.
(7)
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Here ǫ represents some root of unity and may not be the same at each occurrence.
As an application of our determination of modular units, in the next theorem, we prove
that CQ(N) = C (N)(Q) for N = n
2M with n|24 andM squarefree.
Theorem 3. Assume thatN = n2M with n|24 andM squarefree. Then
CQ(N) = C (N)(Q).
Remark 3. In fact, our main motivation for undertaking this research project is to seek for
examples with C (N)(Q) 6= CQ(N). Such an example will be a direct counterexample to
the conjecture that CQ(N) = J0(N)(Q)tor. However, after computingmany examples and
studying properties of modular units more thoroughly, we found that the equality actually
holds for levels under consideration. In view of Theorem 3, it is perhaps reasonable to
conjecture that the two inclusions in (1) are both equalities for all levelsN .
2. MODULAR UNITS ON X0(N)
We remind the reader that the level N is assumed to be n2M with n|24 andM square-
free. We first recall the transformation formula for the Dedekind eta function.
Lemma 4 ([24, Pages 125–127]). For γ =
(
a b
c d
) ∈ SL(2,Z), the transformation formula
for η(τ) is given by, for c = 0,
η(τ + b) = e2πib/24η(τ),
and, for c 6= 0,
η(γτ) = ǫ(a, b, c, d)
√
cτ + d
i
η(τ)
with
(8) ǫ(a, b, c, d) =

(
d
c
)
i(1−c)/2e2πi(bd(1−c
2)+c(a+d))/24, if c is odd,( c
d
)
e2πi(ac(1−d
2)+d(b−c+3))/24, if d is odd,
where
(
d
c
)
is the Jacobi symbol.
Lemma 5. Assume thatm|N . Let h = h(m) and for an integer k, let ηm,k(τ) := η(mτ +
k/h).
(a) For γ =
(
a b
c d
) ∈ Γ0(N), we have, when c = 0
ηm,k(τ + b) = e
2πibm/24ηm,k(τ)
and when c 6= 0,
ηm,k(γτ) = ǫ
(
a+
kc
hm
,
k(d− a)
h
+ bm− k
2c
h2m
,
c
m
, d− kc
hm
)√
cτ + d
i
ηm,k(τ),
where ǫ is defined by (8).
(b) Let a/c with c|N be a cusp ofX0(N). Write (mha+ kc)/hc in the reduced form
a′/c′, (a′, c′) = 1. Then the order of ηm,k(τ) at a/c is
cN
24m(c′)2(c,N/c)
.
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Note that when k = 0, we have c′ = c/(m, c) and the formula shows that the order of
η(mτ) at a/c is
N(m, c)2
24mc(c,N/c)
,
agreeing with the formula given in [7, Proposition 3.2.8].
Proof. It is clear that ηm,k(τ+b) = e
2πibm/24ηm,k(τ). Let σ =
(
mh k
0 h
)
so that ηm,k(τ) =
η(στ). Let
γ′ = σγσ−1 =
(
a+ kc/mh k(d− a)/h+ bm− k2c/mh2
c/m d− kc/mh
)
.
Since h is a divisor of 24, we have a ≡ d mod h and γ′ ∈ SL(2,Z)1. Then by Lemma 4
ηm,k(γτ) = η(σγτ) = η(γ
′στ)
= ǫ
(
a+
kc
mh
,
k(d− a)
h
+ bm− k
2c
mh2
,
c
m
, d− kc
mh
)√
cτ + d
i
ηm,k(τ).
We now prove Part (b).
Let a/c with c|N be a cusp of X0(N). Let b, d, b′, and d′ be integers such that γ =(
a b
c d
)
,
(
a′ b′
c′ d′
) ∈ SL(2,Z). We check that
m
(
a b
c d
)
τ +
k
h
=
(
a′ b′
c′ d′
)(
c(cτ + d)
m(c′)2
− d
′
c′
)
.
It follows that
ηm,k(γτ) = u
√
cτ + d
i
η
(
c(cτ + d)
m(c′)2
− d
′
c′
)
for some nonzero complex number u. Since a cusp of level c on X0(N) has width
N/c(c,N/c), we find that the order of ηm,k(τ) at a/c is
c2
24m(c′)2
· N
c(c,N/c)
=
cN
24m(c′)2(c,N/c)
.
This completes the proof of the lemma. 
Corollary 6. If the product in (3) is a modular function on Γ0(N), then the integers em,k
satisfy
(9)
∑
m,k
em,k = 0,
(10)
∑
m,k
mem,k ≡ 0 mod 24,
and
(11)
∑
m,k
N(h(m), k)2
mh(m)2
em,k ≡ 0 mod 24.
1This is where the assumption h|24 is required. For general h, ηm,k |
(
a b
c d
)
will equal to ǫηm,k′ for some
root of unity ǫ, where k′ is an integer satisfying ak′ ≡ dk mod h.
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Proof. In order for the product to be a modular function on Γ0(N), it is necessary that
its weight is 0 and its orders at ∞ and 0 are integers. The condition that the weight is 0
translates to (9). Also, the order of ηm,k at∞ ism/24. Hence the condition that the order
at∞ is an integer translates to (10). Finally, the order of ηm,k at 0 is determined by Part
(b) of Lemma 5 (with a = 0, c = 1, a′ = k/(h(m), k), and c′ = h(m)/(h(m), k)). We
find that it is
N
24m(h(m)/(h(m), k))2
.
This explains the condition (11). 
Lemma 7. Assume that
f(τ) =
∏
m|N
h(m)−1∏
k=0
η
em,k
m,k
is a product satisfying the three conditions in Corollary 6. LetG be the subgroup of Γ0(N)
generated by ( 1 10 1 ) and (
1 0
N 1 ). Then for γ ∈ Γ0(N), the value of the root of unity µ in
f(γτ) = µf(τ) depends only on the right coset Gγ of γ in Γ0(N).
Proof. Let σ = ( 1 10 1 ) and σ
′ = ( 1 0N 1 ). The condition in (10) clearly implies that
f(σγτ) = f(γτ)
for all γ ∈ Γ0(N). Likewise, since σ′ is a generator of the isotropy subgroup of the cusp
0, the condition (11) implies that
f(σ′γτ) = f(γτ)
for all γ ∈ Γ0(N). (More concretely, we may set g(τ) = f(−1/Nτ) and verify that
f(σ′τ) = f(τ) holds if and only if g(τ − 1) = g(τ) holds. Then notice that the latter
follows from (11).) This proves the lemma. 
Lemma 8. Let G be the subgroup of Γ0(N) generated by σ = ( 1 10 1 ) and σ
′ = ( 1 0N 1 ).
Then every right coset in G\Γ0(N) contains an element
(
a b
c d
)
such that 24N |c.
Proof. Assume that γ =
(
a b
c d
) ∈ Γ0(N). Let s = (a, 6) and t = 6/s. Since (a, c) = 1,
we have (c, s) = 1 and hence (a+ tc, 6) = 1. Let c′ = c/N and r be an integer such that
r(a+ tc) + c′ ≡ 24. Now(
1 0
rN 1
)(
1 t
0 1
)(
a b
c d
)
=
(
a+ tc b+ td
c+Nr(a+ tc) d+ rN(b + td)
)
.
By our choice of r, the (2, 1)-entry of the last matrix is divisible by 24N . This proves the
lemma2. 
We are now ready to prove Theorem 1.
Proof of Theorem 1. Let
f(τ) =
∏
m|N
h(m)−1∏
k=0
η
em,k
m,k .
By Corollary 6, in order for f to be a modular function on Γ0(N), it is necessary that f
satisfies the three conditions (9), (10), and (11), which we assume from now on.
2This proof is suggested by one of the referees.
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Let γ =
(
a b
c d
) ∈ Γ0(N). By Lemmas 7 and 8, we may assume that 24N |c. When
c = 0, i.e., when γ = ( 1 b0 1 ), we have
ηm,k(τ + b) = e
2πibm/24ηm,k(τ)
and hence f(τ + b) = f(τ) by Condition (10) that
∑
m,kmem,k ≡ 0 mod 24.
When c 6= 0, we apply Lemma 5 and obtain
ηm,k(γτ) = ǫ
(
a+
kc
hm
, bm+
k(d− a)
h
− k
2c
h2m
,
c
m
, d− kc
hm
)√
cτ + d
i
ηm,k(τ),
where ǫ is given by (8). Since 24N |c, we have
24
∣∣∣ kc
hm
,
k2c
h2m
,
c
m
for allm|N and all k. Hence,
ǫ
(
a+
kc
hm
, bm+
k(d− a)
h
− k
2c
h2m
,
c
m
, d− kc
hm
)
=
(
c/m
d− kc/hm
)
e2πiS/24,
where
S = d
(
bm+
k(d− a)
h
+ 3
)
.
Now h is relatively prime to d− kc/hm since h2m|c and (d,N) = 1. Therefore,(
c/m
d− kc/hm
)
=
(
c/h2m
d− kc/hm
)
=
(
c/h2m
d
)
=
(cm
d
)
.
It follows that, by (9), f(γτ) = µ1µ2f(τ), where
µ1 =
∏
m,k
(m
d
)em,k
, µ2 = exp
{
2πi
24
∑
m,k
em,k
(
bdm+
kd(d− a)
h
)}
.
Since f is assumed to satisfy (10), we have∑
m,k
em,kbdm ≡ 0 mod 24.
Also, because 24|c, we have 24|(d− a), say, d− a = 24d′. We deduce that
µ2 = exp
{
2πi
dd′
n
∑
m,k
em,k
kn
h
}
.
Since the value of µ1 can only be ±1 and that of µ2 is an nth root of unity, when n = 3,
we need to have µ1 = µ2 = 1. By varying γ =
(
a b
c d
)
, we conclude that in the case
n = 3, f(γτ) = f(τ) holds for all γ ∈ Γ0(N) if and only if
∏
m,km
em,k is the square of
a rational number and ∑
m,k
em,k
kn
h
≡ 0 mod 3,
which is the equivalent to
∑
m,k em,kk ≡ 0 mod 3.
In the case n is even, we need µ1 = µ2 = 1 or µ1 = µ2 = −1. As d is relatively prime
to n and there are
(
a b
c d
) ∈ Γ0(N) such that 24|c and d′ = (d − a)/24 is also relatively
prime to n, we find that the sum
∑
m,k em,kkn/h must be a multiple of n/2, say,∑
m,k
em,k
kn
h
=
k′n
2
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for some k′ ∈ Z. Then
µ2 = (−1)d
′k′ .
Now since 32|c, we have
(−1)d′ = (−1)(d−a)/8 = (−1)(d2−1)/8 =
(
2
d
)
.
It follows that
µ1µ2 =
(
2
d
)k′ ∏
m,k
(m
d
)em,k
.
By varying
(
a b
c d
) ∈ Γ0(N), we see that f is a modular function on Γ0(N) if and only if
2k
′
∏
m,k
mem,k
is the square of a rational number, in addition to the three conditions (9), (10), and (11), or
equivalently, the odd part of
∏
m,km
em,k is the square of a rational number and∑
m,k
em,k
(
kn
h
+
n
2
ord2(m)
)
≡ 0 mod n.
This completes the proof of Theorem 1. 
We next prove Theorem 2.
Proof of Theorem 2. Theorem 2 will follow once we prove the following four claims.
(a) The number of pairs (m, k) with m|N and 0 ≤ k ≤ φ(h(m)) − 1 is equal to the
number of cusps ofX0(N).
(b) There are nomultiplicative relations among ηm,k withm|N and 0 ≤ k ≤ φ(h(m))−
1.
(c) Let U0 be the subgroup of U (N) formed by products
∏
m|N
∏φ(h(m))−1
k=0 η
em,k
m,k
satisfying the conditions in Theorem 1. ThenU0 is of finite index inU (N), which
implies that if g ∈ U (N), then there exists a positive integer ℓ such that cgℓ is in
U0 for some nonzero complex number c.
(d) If g ∈ U (N) and ℓ is a positive integer such that cgℓ is in U0 for some c ∈ C×,
then c′g ∈ U0 for some c′ ∈ C×.
To prove Claim (a), we first observe that for a given divisor h0 of n, a divisor m of N
satisfies h(m) = h0 if and only if m|N/h20 and N/mh20 is squarefree. Let µ be the
Mobius function so that µ2 is the characteristic function of squarefree integers. Then the
number of pairs (m, k) withm|N and 0 ≤ k ≤ φ(h(m)) − 1 is∑
h|n
φ(h)
∑
m|N/h2
µ(m)2.
On the other hand, the number of cusps ofX0(N) is∑
m|N
φ((m,N/m)) =
∑
h|n
φ(h)
∑
m′|N/h2,(m′,N/m′h2)=1
1 =
∑
h|n
φ(h)2ω(N/h
2),
where for a positive integer k, ω(k) denotes the number of prime factors of k. Now we
check that both functions k 7→ ∑m|k µ(m)2 and k 7→ 2ω(k) are multiplicative and agree
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on prime powers. Therefore, we have∑
m|N/h2
µ(m)2 = 2ω(N/h
2).
This proves Claim (a).
We next prove Claim (b). Assume that em,k are integers such that∏
m|N
φ(h(m))−1∏
k=0
η
em,k
m,k
is a constant function. Considering the second term in its Fourier expansion, we find that
φ(n)−1∑
k=0
e1,kζ
k
n = 0, ζn = e
2πi/n.
Recall that 1, . . . , ζ
φ(n)−1
n form a basis of Q(ζn) over Q (see, for instance, [12, Theo-
rem 6.4]). Hence e1,k = 0 for all k = 0, . . . , φ(n) − 1. Similarly, by considering
the Fourier coefficients of qm for the next divisor m of N , we find that em,k = 0 for
k = 0, . . . , φ(h(m)) − 1 for the next divisorm of N . Continuing in this way, we find that
em,k = 0 for all (m, k).
For Claim (c), we observe that U0 contains at least those products having 24|em,k for
all em,k and
∑
em,k = 0. It follows that, by Claim (b), the rank of U0 is at least
#{(m, k) : m|N, 0 ≤ k ≤ φ(h(m)) − 1} − 1,
which, by Claim (a), is equal to the number of cusps of X0(N) minus 1. Therefore, U0
and U (N) have the same rank. We now prove Claim (d).
Let g be a modular unit on X0(N). Without loss of generality, we may assume that
the leading coefficient of g is 1. Since g is naturally also a modular unit on X(N), by
[4, 5], g is a product of Siegel functions and, in the case N is even, also functions of the
forms q−d/48
∏
n(1 + q
d(n+1/2)) and qd/24
∏
n(1 + q
dn). (We refer the reader to [6] for
the definition of Siegel functions.) Hence all its Fourier coefficients are algebraic integers.
Also, by Claim (c), there exists a positive integer ℓ such that gℓ ∈ U0 up to a scalar, say,
(12) gℓ = c
∏
m|N
φ(h(m))−1∏
k=0
η
em,k
m,k .
Now for convenience, for a Puiseux series f in q, we let
S(f) =
second nonzero term of f
leading term of f
.
Comparing the ℓth roots of the two sides of (12), we find that
S(g) = −
φ(n)−1∑
k=0
e1,k
ℓ
ζkn
 q, ζn = e2πi/n.
Since S(g) is an algebraic integer and 1, ζn, . . . , ζ
φ(n)−1
n form an integral basis for the
ring of integers in Q(ζn), we must have e1,k/ℓ ∈ Z for all k. By the same token, by
considering S(g
∏
k η
−e1,k/ℓ
1,k ), we deduce that em,k/ℓ ∈ Z for all k for the next divisorm
of N . Continuing this way, we conclude that g ∈ U0 up to a scalar. This completes the
proof of Theorem 2. 
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3. THE TWO GROUPS C (N)(Q) AND CQ(N)
We will prove Theorem 3 in this section. Let D be a cuspidal divisor of degree 0 on
X0(N) such that D
σ ∼ D for all σ ∈ Gal(Q/Q). (Here ∼ denotes the linear equivalence
between divisors.) Our goal is to construct a Q-rational cuspidal divisor D′ such that
D ∼ D′.
Assume that [D] has order r in J0(N) and f is a modular unit such that div f = rD.
By Theorem 2, we have
(13) f =
∏
m|N
φ(h(m))−1∏
k=0
η
em,k
m,k
for some integers em,k satisfying the four conditions in Theorem 1. We first describe how
Gal(Q(e2πi/n)/Q) acts on div f .
Lemma 9. For an integer ℓ with (ℓ,N) = 1, let σℓ be the element of Gal(Q(e
2πi/n)/Q)
that maps e2πi/n to e2πiℓ/n. We have
(div ηm,k)
σℓ = div ηm,ℓk.
Proof. Let ℓ′ be an integer such that ℓℓ′ ≡ 1 mod N . We first remark that because n|24,
we have ℓ ≡ ℓ′ mod n. Thus, div ηm,ℓk = div ηm,ℓ′k since the two functions differ only
by a root of unity. We will prove the lemma in the form
(div ηm,k)
σℓ = div ηm,ℓ′k.
Let a/c with c|N be a cusp of X0(N). Recall that the action of σℓ maps the cusp a/c
to the cusp a/ℓ′c (see, for instance, [17, Theorem 1.3.1]). This cusp a/ℓ′c is equivalent to
ℓ′a/c (see, for example, [2, Proposition 2.2.3]). Thus, to prove the lemma, it suffices to
show that the order of ηm,k at a/c is equal to that of ηm,ℓ′k at ℓ
′a/c. Now by Lemma 5,
the former is
cN
24m(c′)2(c,N/c)
,
while the latter is
cN
24m(c′′)2(c,N/c)
,
where c′ and c′′ are the denominators in the reduced froms of (mha+kc)/hc and (mhℓ′a+
ℓ′kc)/hc, respectively. Since ℓ′ is relatively prime to hc, we have c′ = c′′. Then the lemma
follows. 
In view of the lemma, we naturally define
fσℓ :=
∏
m|N
φ(h(m))−1∏
k=0
η
em,k
m,ℓk
for ℓ with (ℓ,N) = 1 so that
div fσℓ = (div f)σℓ = rDσℓ .
Our strategy of proving the theorem is as follows.
(a) We first show (case by case) that r|em,k for all (m, k) with 0 < k < φ(h(m)).
This is achieved by using the assumption that Dσ ∼ D, σ ∈ Gal(Q(e2πi/n)/Q),
which implies that fσ/f is the rth power of some modular unit onX0(N).
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(b) Set e′m,k = em,k/r for (m, k) with 0 < k < φ(h(m)). Using the assumption that
(fσ/f)1/r is a modular unit again, we deduce some congruence relations for e′m,k
from Theorem 1.
(c) For each (m, k) with 0 < k < φ(h(m)), construct a function η˜m,k such that
(i) η˜m,k is a product of η(dτ), d|N ,
(ii) the ratio ηm,k/η˜m,k satisfies Conditions (a), (b), and (c) in Theorem 1.
(d) Define
g =
∏
(m,k):0<k<φ(h(m))
(
ηm,k
η˜m,k
)e′m,k
.
Show that g satisfies Condition (d) of Theorem 1 using the congruence relations
among e′m,k from Step (b) so that g is a modular unit. (In some cases, we may
need to modify g a little bit.)
(e) LetD′ = D − div g, which is equivalent to D. Now we have
rD′ = rD − rdiv g = div (f/gr).
By our construction of g, we find that f/gr is a product of η(dτ), d|N , and hence
has a Q-rational divisor. This proves the theorem.
To construct η˜m,k, we shall use the following lemma.
Lemma 10. Assume thatm, h, and k are positive integers such that h2m|N and (k, h) =
1. Then the orders of the functions s(τ) defined below at the cusps ∞ and 0 are both
integers.
(a) Assume that 3|h. Set h′ = h/3 and let
s(τ) =
η(mτ + k/h)η(3mτ + k/h′)4
η(mτ + k/h′)4η(9mτ + k/h′)
.
(b) Assume that 4|h. Set h′ = h/4 and let
s(τ) =
η(mτ + k/h)η(mτ + k/h′)η(4mτ + k/h′)3η(16mτ + k/h′)
η(2mτ + k/h′)3η(8mτ + k/h′)3
.
Proof. The order at∞ is clearly 0. By Lemma 5, the order of the function in Part (a) at 0
is
1
24
(
N
mh2
+
4N
3m(h′)2
− 4N
m(h′)2
− N
9m(h′)2
)
=
N
24mh2
(1 + 12− 36− 1) = − N
mh2
,
while that of the function in Part (b) is
1
24
(
N
mh2
+
N
m(h′)2
+
3N
4m(h′)2
+
N
16m(h′)2
− 3N
2m(h′)2
− 3N
8m(h′)2
)
=
N
24mh2
(1 + 16 + 12 + 1− 24− 6) = 0.
The orders are indeed integers. 
We now describe our construction of g case by case. For convenience, all equalities
among modular units stated below hold only up to nonzero scalars. Note that the cases
n = 1 and n = 2 are trivial since every cusp is Q-rational in these cases.
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3.1. Case n = 3. Let D, f , and ηm,k be given as above and σ = σ−1 be the nontrivial
element in Gal(Q(e2πi/3)/Q). As explained in the description of our strategy, we know
that fσ/f is the rth power of a modular unit. Now we have
fσ/f =
∏
m|M
(
η(mτ − 1/3)
η(mτ + 1/3)
)em,1
.
(Note that k = 1 occurs only whenm|M .) Using (6), we may write it as
fσ/f =
∏
m|M
(
η(3mτ)4
η(mτ + 1/3)2η(mτ)η(9mτ)
)em,1
.
Since this is the rth power of some modular unit, by the uniqueness of product expression
described in Theorem 2, we must have r|em,k for all (m, k) with k = 1. (Alternatively, we
may follow the argument for Claim (c) in the proof of Theorem 2 to show that r|em,1 for
allm.) Set e′m,1 = em,1/r. Note that since (f
σ/f)1/r is a modular unit, we have
(14)
∑
m|M
e′m,1 ≡ 0 mod 3,
by Theorem 2.
Form|M , define
η˜m,1(τ) =
η(mτ)4η(9mτ)
η(3mτ)4
and set
g(τ) =
∏
m|M
(
ηm,1
η˜m,1
)e′m,1
.
By Lemma 10, the order of g at∞ and 0 are integers and hence g satisfies Conditions (a),
(b), and (c) in Theorem 1. Also, by (14), Condition (d) is fulfilled. Hence g is a modular
unit onX0(N), andD
′ = D − div g is a Q-rational cuspidal divisor equivalent to D.
3.2. Case n = 6. Let σ be the nontrivial element in Gal(Q(e2πi/3)/Q). As in the case
n = 3, we can show that r|em,1 for all m|N with φ(h(m)) 6= 1 (i.e., h(m) = 3 or
h(m) = 6). Set e′m,1 = em,1/r for such m. The fact that (f
σ/f)1/r is a modular unit
implies that ∏
m|N,h(m)=3,6
(
ηm,−1
ηm,1
)e′m,1
is a modular unit, which in turn shows that
(15) − 2
∑
m|N,h(m)=6
e′m,1 + 2
∑
m|N,h(m)=3
e′m,1 ≡ 0 mod 6,
by Condition (d) of Theorem 1.
Form|N with h(m) = 6, define
η˜m,1(τ) =
η(mτ + 1/2)4η(9mτ + 1/2)
η(3mτ + 1/2)4
,
and form|N with h(m) = 3, define
η˜m,1(τ) =
η(mτ)4η(9mτ)
η(3mτ)4
.
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Note that by (6), η(mτ + 1/2) can be written as a product of η(dτ), d|N . Set
g =
∏
m|M,h(m)=3,6
(
ηm,1
η˜m,1
)e′m,1
By Lemma 5, g satisfies Conditions (a), (b), and (c) of Theorem 1. Also, the left-hand side
of (5) for the function g is
−2
∑
m|N :h(m)=6
e′m,1 + 2
∑
m|N :h(m)=3
e′m,1,
which by (15), is congruent to 0 modulo 6. Hence Condition (d) is also satisfied, and g is
a modular unit. This proves the theorem for the case n = 6.
3.3. Case n = 4. Let σ be the nontrivial element of Gal(Q(
√−1)/Q). Again, we omit
the proof of r|em,1 for all m|M . (Note that h(m) = 4 if and only if m|M .) Set e′m,1 =
em,1/r for thosem. The fact that∏
m|M
(
η(mτ − 1/4)
η(mτ + 1/4)
)e′m,1
=
(
fσ
f
)1/r
is a modular unit implies that ∑
m|M
e′m,1 ≡ 0 mod 2,
by Condition (d) in Theorem 1.
Define
η˜m,1(τ) =
η(2mτ)3η(8mτ)3
η(mτ)η(4mτ)3η(16mτ)
,
and
g =
∏
m|M
(
ηm,1
η˜m,1
)e′m,1
.
By Lemma 5, g satisfies Conditions (a), (b), (c) in Theorem 1. Moreover, if∑
m|M
e′m,1 ≡ 0 mod 4,
then Condition (d) is also fulfilled (note that for an individual ηm,1/η˜m,1, the sum of the
left-hand side of (5) is congruent to 1 modulo 4) and hence g is a modular unit onX0(N).
If ∑
m|M
e′m,1 ≡ 2 mod 4
instead, we replace g by
g =
η(τ)2η(4τ)7
η(2τ)7η(8τ)2
∏
m|M
(
ηm,1
η˜m,1
)e′m,1
,
which is a modular unit under the assumption
∑
m|M e
′
m,1 ≡ 2 mod 4. Either way, we
find thatD′ = D − div g is a Q-rational cuspidal divisor linearly equivalent toD.
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3.4. Case n = 8. For a ∈ {±1,±3}, let σa be the element of G = Gal(Q(e2πi/8)/Q)
that maps e2πi/8 to e2πia/8. We have
fσa/f =
∏
m|N,h(m)=8
3∏
k=1
(
ηm,ak
ηm,k
)em,k
×
∏
m|N,h(m)=4
(
ηm,a
ηm,1
)em,1
for a ∈ {±1,±3}. As fσa/f is the rth power of some modular unit, by considering a = 3
and using (6), we find that r|em,2 form with h(m) = 8 and r|em,1 form with h(m) = 4.
By considering a = −3 instead, we conclude also that r|em,1, em,3 form with h(m) = 8.
Set e′m,k = em,k/r for those (m, k). The fact that∏
m|N,h(m)=8
3∏
k=1
(
ηm,−k
ηm,k
)e′m,k
×
∏
m|N,h(m)=4
(
ηm,−1
ηm,1
)e′m,1
=
(
fσ−1
f
)1/r
is a modular unit implies that
(16)
∑
m|N,h(m)=8
(6e′m,1 + 4e
′
m,2 + 2e
′
m,3) + 4
∑
m|N,h(m)=4
e′m,1 ≡ 0 mod 8,
by Condition (d) of Theorem 1. Define η˜m,k by
η˜m,k =
η(2mτ + 1/2)3η(8mτ + 1/2)3
η(mτ + 1/2)η(4mτ + 1/2)3η(16mτ + 1/2)
for (m, k) with h(m) = 8 and k = 1, 3, and by
η˜m,k =
η(2mτ)3η(8mτ)3
η(mτ)η(4mτ)3η(16mτ)
for (m, k) with (h(m), k) = (4, 1) or (h(m), k) = (8, 2). Then set
g0 =
∏
m|N,h(m)=8
3∏
k=1
(
ηm,k
η˜m,k
)e′m,k
×
∏
m|N,h(m)=4
(
ηm,1
η˜m,1
)e′m,1
.
By Lemma 10, this function g0 satisfies Conditions (a), (b), and (c) in Theorem 1. Further-
more, the left-hand side of (5) for g0 is congruent to∑
m|N,h(m)=8
(5e′m,1 + 6e
′
m,2 + 7em,3) + 2
′∑
m|N,h(m)=4
e′m,1
modulo 8. By (16), this sum is a multiple of 4. We set
g =
{
g0, if the sum is divisible by 8,
g0η(τ)
2η(4τ)7/η(2τ)7η(8τ)2, if the sum is congruent to 4 modulo 8.
Then this is a modular unit onX0(N), as we are required to construct.
3.5. Case n = 12 or n = 24. The idea of proof is similar to previous cases, so we will
only sketch the argument. Let n = 12 or n = 24. By using the property that fσ/f is the
rth power of a modular unit for all σ ∈ Gal(Q(e2πi/n)/Q), we can show r|em,k for all
(m, k) with k 6= 0. Set e′m,k = em,k/r for those (m, k). Then the fact that(
fσ−1
f
)1/r
=
∏
m|N
φ(h(m))−1∏
k=1
(
ηm,−k
ηm,k
)e′m,k
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is a modular unit implies that
(17) 2
∑
h|n
n
h
∑
(m,k):h(m)=h,k 6=0
ke′m,k ≡ 0 mod n
by Condition (d) of Theorem 1. Now Lemma 10 provides two procedures to find a func-
tion ι such that ι is a product of η(dmτ + k/(h/3)) or a product of η(dmτ + k/(h/4)),
depending on whether h is divisible by 3 or 4, and ηm,k/ι has weight 0, and its order at
the cusps ∞ and 0 are integers. Using these two procedures or the combination of the
two procedures, we can construct η˜m,k that is a product of η(dτ), d|N , or a product of
η(dτ + 1/2), d|N/4, in the case h(m) = 6, 8, 24 such that it has weight 0 and its order at
∞ and 0 are integers. For instance, for η1,1 = η(τ + 1/24), we apply Part (a) of Lemma
10 and find that the function ι can be chosen to be
η(τ + 1/24)η(3τ + 1/8)4
η(τ + 1/8)4η(9τ + 1/8)
.
Then for each η(dτ + 1/8), d|9, we apply Part (b) of the same lemma and find that
η(dτ + 1/8)η(dτ + 1/2)η(4dτ + 1/2)3η(16dτ + 1/2)
η(2dτ + 1/2)3η(8dτ + 1/2)3
has weight 0 and integer orders at ∞ and 0. From these two procedures, we obtain a
function η˜1,1 of the form
∏
d|144 η(dτ + 1/2) such that η1,1/η˜1,1 satisfies Conditions (a),
(b), and (c) of Theorem 1.
Let η˜m,k be the eta-products constructed above and consider
g0 =
∏
m|N
φ(h(m))−1∏
k=1
(
ηm,k
η˜m,k
)e′m,k
.
By construction, g0 satisfies Conditions (a), (b), and (c) in Theorem 1. Furthermore, the
left-hand side of (5) for g0 is∑
h|n
n
h
∑
(m,k):h(m)=h,k 6=0
ke′m,k −
n
2
∑
h=6,8,24
∑
(m,k):h(m)=h,k 6=0
e′m,k
modulo n. (Note that the second sum is coming from η˜m,k that are products of the form
η(dmτ + 1/2) in the case h(m) = 6, 8, 24.) By (17), the sum above is congruent to 0
modulo n/2. Set
g =
{
g0, if the sum is divisible by n,
g0η(τ)
2η(4τ)7/η(2τ)7η(8τ)2, if the sum is congruent to n/2 modulo n.
Then this function g is a modular unit on X0(N). The rest of proof is the same as before
and is omitted.
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